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Abstract

The problem of investing into a cryptocurrency market requires good understanding of the processes that regulate the
price of the currency. In this paper we offer a view of the cryptocurrency market as an environment for realization of
self-organized speculative schemes that result in the formation of a characteristic price bubble. We use a microscale,
agent-based model to simulate the system behavior and derive a macroscale ordinary differential equation (ODE) model
to estimate the price and the return rates observed in the simulated agent-based model. We provide a formula for the
total risk of the system expressed as a sum of two independent components, one being characteristic of the price bubble
and the other of the investor behavior.
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1. Introduction

Price bubbles are ubiquitous in trading of commodities. They range in their characteristics and motive powers that bring
them about. The latter includes herding behavior, trend chasing, technical analysis or unfulfilled expectations.
Cryptocurrencies are the novel type commodities that have unique properties such as absence of the fundamental
valuation, virtually infinite divisibility, and global and cheap accessibility through Internet. Not surprisingly, price
bubbles that are bound to appear in cryptocurrency markets will have some unique properties too. Perepelitsa &
Timofeyev (2019, 2022) considered a scenario of a bubble formation, called asynchronous stochastic price pump
(ASPP), where agents trade a commodity (stock) based on their expected stock-to-cash ratios which are updated after a
trade. An agent stock-to-cash ratio is increased if the agent sells stock and is decreased otherwise by some factors that
we descriptively call the greed and fear factors. Trading sessions take place regularly and anonymously (as on Internet),
i.e., between randomly selected traders. As one can expect, if the greed factor exceeds the fear factor, the price of the
commodity will grow. The price series generated by an ASPP has returns following log-normal distribution and the
mean return can be estimated in terms of the greed and fear factors and other parameters of ASPP. The model shows
self-organization expressed in collectively produced positive price dynamics, when each agent follows an adaptive
strategy. The ASPP system is conservative with no in- or out-flow of money. In a trading process, according to that
model, smaller and smaller amounts of commodity are bought at increasing price, which makes infinite divisibility of a
cryptocurrency well suited for the purpose. The trading process can proceed ad infinitum unless it crashes.

There is inherited risk of a crash that in Perepelitsa & Timofeyev (2019) was identified with the process of
redistribution of cash among traders during a lifespan of the ASPP, when a sizable group of traders runs out of cash and
becomes heavily invested in stock, while the other group accumulate most cash. Many trading processes in random
environments have this property (Dragulescu & Yakovenko 2000, Basi et al. 2009, Cordier et al. 2005). Such
redistribution creates a conflict between an individual inside the low-cash-group and the overall group behavior: the
rising price is a collective effort, but to benefit from it, the individual will need to sell her stocks before others do the
same. Such an unstable state may lead to a sudden sellout and a subsequent crash. In this way, the system endogenously
generates systematic risk, which we quantify in section 2.1, formula (8).

The ASPP model assumes a fixed amount of money circulating in it. This can be approptiate for modeling the early
stages of the cryptocurrencies market that was characterized by a limited amount of investments. In the recent years the
cryptocurrencies market has surged, transitioning to what can be called an investment phase. In this papper we will
extend the ASPP model by including the effects of long-term investments. The following questions arise naturally: how
the dynamics of an ASPP changes during the investment phase, how to define the total risk of the new system and what
predictions can be drawn from this model.

In section 2, we analyze the behavior of the investment ASPP model using multi-agent simulations. An informative way
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to look at the dynamics is to map it in the plane of logarithm of price vs. the hazard rate. A typical plot shows several
stages in the development of the price bubble. In the first stage, the ASPP system is generating high return rate and
accompanying systematic risk. It is followed by the initial investment stage with positive inflow of capital. This further
enhances the return rate and reduces the systematic risk of the ASPP giving the price bubble a new life. At the third
stage, as investors start to make use of high returns and withdraw capital, the system transitions into regime of high
price oscillations with growing systematic risk. At this stage, alongside with the systematic risk, there appears risk from
the investor side of the model, as the oscillating price underperforms the initial expectations. Due to this enhanced risk
the system is likely to crash at some point during this last stage, finishing the investment cycle. Interestingly, by the end
of the cycle there is a positive net inflow of cash into ASPP component, although it is not distributed equally among
traders.

Because the mathematical analysis of a non-linear, stochastic system is a difficult task, we seek a lower dimensional
model that captures main features of the dynamics of the multi-agent system. Using a deterministic ODE model for a
classical Ponzi scheme and the trading mechanism by which the price is set in the ASPP model, we derive a non-linear
model, called self-organized Ponzi scheme, which we use to estimate the value of the investment in the system and the
market return rate. Our main conclusion is that the self-organized Ponzi model is qualitatively accurate approximation
of the transient behavior of the multi-agent stochastic ASPP system.

1.1 Literature Overview

Price bubbles in financial markets is well researched area. Large price fluctuations in stock prices can be explained by
the presence of noisy traders who imitate other traders and look at the market trends (Bak et al. 1997, Levy et al. 1994,
1995, 1997, Lux 1995, 1998, Lux & Marchesi 1999, 2000). Price fluctuations can arise in the process of “genetic”
evolution of trading strategies, when traders constantly adopt and modify existing ones, selecting better performing
strategies, as in the model by Arthur et al. (1997). Price bubbles may arise from rational expectations of traders and be
consistent with efficient market hypothesis. This type of price dynamics was introduced by Mandelbrot (1966) and
extended by Blanchard (1979), Blanchard & Watson (1982). Within this framework, Johansen et al. (1999, 2000),
Johansen & Sornette (1999), Sornette (2003) constructed realistic non-linear models of price series that are
characterized by price bubbles and crashes.

Agent-based modeling is by now a well-developed and widely used methodology. The review of agent-based modeling
in economics and finance can be found in Chakraborti et al. (2011), Chen et al. (2012), lori & Porter (2014). In the
context of cryptocurrencies, price bubbles were studied by Cocco et al. (2019a, 2019b) where the authors analyze the
price dynamics generated by the traders using the genetic algorithms, technical analysis, or random strategies.

Redistribution of wealth among traders in random trading processes was discussed by Dragulescu & Yakovenko (2000),
Basi et al. (2009), Cordier et al. (2005). Mathematical models for Ponzi schemes can be found in Artzrouni (2009). In
Perepelitsa (2021), the author studied the effects of heterogeneous distribution of levels of greed and fear in a
population of traders in the ASPP model and performed a preliminary statistical data analysis on estimating these
factors from Bitcoin price series.

2. Method
2.1 ASPP Model

ASPP is a model of a speculative bubble in a price series of a commodity that doesn't have an underlying fundamental
value and is infinitely divisible, and thus, as was argued by Perepelitsa & Timofeyev (2019, 2022), is well-suited for the
study of price fluctuations of cryptocurrencies. We recall the model and its main properties from those references. In the
model, the market consists of a set of N agents, described by their portfolios (s;, b;),i = 1..N, of dollar values of
stock and cash accounts, and let k; stand for agent i target stock-to-cash ratio. P, will denote a current price per
share and P the new price determined by agents' demand. Let {i; |l = 1..m} be the set of “active” agents, i.e. the
ones setting the new price. The set of active traders is determined each trading period by a random draw from the
population. If x; is the dollar amount that agent i; wants to invest in stock, then it is determined from the condition:

P
—S; + X
Py l l

b;

=k;.
—x; ]

l l

(1)

The demand-supply balance is a simple market clearance condition: 72, x;, — x;; = 0, where x;, is the amount of
the exogenous investment (positive or negative) into the system per trading period. Using equation (1) in the last
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equation we can solve it for P:

m m -1
P, m £ 1+k; £ 1+k;,)

Once the price is set, agents move corresponding amounts between cash and stock accounts, re-balancing their
portfolios. At the next step, the active agents update their expected stock-to-cash ratios from current value k; to a new
value k; using the agents’ specific greed (a;, > 1) or fear (B;, = 1) factors, depending on whether the agent sold or
bought stocks:

(2)

k PSil k
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(3)

The trading session is repeated with new, randomly selected sets of active agents. The behavior of agents in (3) can be
described as adaptive. If an agent portfolio underperforms, i.e., doesn't meet the expected stock-to-cash, ratio, the agent
will decrease the investment in stock, and visa-versa.

Below we recall properties of the ASPP model with zero external investment, x;, = 0, obtained by Perepelitsa &
Timofeyev (2019, 2021). The model has a stationary stable state when all o; = ; = 1, i.e., when traders do not change
their stock-to-cash ratios after trading. In such situation, if the ratios are balanced, no trading takes place the price
remains constant. This simple regime has an interesting property of mimicking the fluctuations in the cash reserves. For
example, if the “cash” part of the investment represents investment in some other commodity that grows (drops) at a
certain rate then ASPP model will generate a price series with a positively correlated price series.

Our main interest is the case when the update rule (3) changes the agents investment ratios, that is, when «o;, B; > 1.
This model also has a stationary state when all investment ratios are balanced and price is constant, but this stationary
state is unstable, with tiny perturbations leading to divergent dynamics in the price series.

Figure 1. Propagation of greed and fear signals through ASPP. The level of greed changes as «; = 1 + @ - (signal), and
fear 3; = 1+ B - (signal). In a greed dominating fear regime, & > f3, the price increases and the system reaches new
stable steady state. Plot shows one path simulation of an ASPP with 500 agents and 125 activagents per daily trade

Figure 1 shows an example of the price series generated by an ASPP when a signal of greed, a; > 1, followed by a
fear signal B; > 1, propagate through the population of the traders. In this example, greed dominates fear, o;/3; > 1
and the price increases to a higher value. With the levels of a;, 3; dropping to 1, the system returns to a stable steady
state. Thus, trading activity in the system can be intermittent with periods of non-unit fear and greed levels, followed by
unit levels, and any level of price can be realized as stable regime in ASPP. In this paper we consider the situation when
the system is always “turned on” by signals of greed and fear. In this case, a; and ; do not depend on time. This is a
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likely assumption due to incessant stream of news in media about to cryptocurrencies that feeds into the informational
input of agents or due to the feedback of the price fluctuations on the psychological state of agents.

For values of o; = a, B; = B, close to 1, in Perepelitsa & Timofeyev (2019), we showed that the logarithm of the return,
R(t), of a price series of an ASPP, in a long run, is distributed according to a normal distribution

ln(R(t)) € N(Inr*, %), (4)

with the rate of return r* (geometric mean) and standard deviation expressed by formulas

1

r*= (g);, o' =colap — 1),
(5)

where y = 2N /m. In this formula, N is the number of traders, m in the number “active traders”, that is, the traders
participating in buying and selling per day. ¢, is a positive constant. For a reference, we note that in Perepelitsa &
Timofeyev (2019, 2020), the inverse of 3 was used instead. The above model applies to the situation when all agents in
the system use the same multipliers a and [ to change the investment ratio. The effect of varying parameters o and
B across the population on the performance of ASPPs was considered by Perepelitsa (2021) where it was shown that
the above formulas still apply when values {a;} and {B;} perfectly correlated (coefficient of correlation equals 1), but
the rate of return r decreases with the decreasing correlation. In the ASPP models that we use in this paper we consider
heterogeneous distribution of {a;} and {B;} with correlation coefficient p = 0.95.

Being an agent-based model, ASPP contains complete information about the state of the system, including the
information about the distribution of investments of agents. Following Perepelitsa & Timofeyev (2022), we use that
information to quantify the systematic risk of a crash of a price bubble. By systematic risk we mean the risk generated
endogenously by ASPP. Adaptive trading (3) leads to dispersion of the distribution of cash (and stocks) among agents. A
situation may arise when a significant group of agents end up having low cash reserves and high stock investment. This
creates a conflict between an individual inside this group and the collective behavior: increasing price is a collective
effort, but at some point, the individual would like to sell his/her stocks while he/she prefers others to keep buying.
Such an unstable state may lead to a sudden sellout and a subsequent crash. To quantify the risk, we let p(s,t) be the
probability distribution of agents according to their cash reserves. Figure 4 (right panel) shows three plots of
distribution p obtained by agent-based simulations, in three different investment regimes. The shape of the distributin
can vary from the normal-like to the uniform. Function

h(t) = f e=s'/n p(s,t)ds
0
(6)
measures the amount of concentration of agents with low cash. From this definition, it follows that h(t) € (0,1]. The

hazard rate for the crash can be defined as a monotonly increasing scale function from [0,1] - [0,+<°). In the
examples in this paper we will use function

Y24/ h(t)
1—/h(t)

Hq(t) =
(7)

In the above formulas (6) and (7), y;, Y, are positive constants.
2.2 Benchmark Models for Ponzi Schemes
2.2.1 Classical Ponzi Schemes

First, we recall a mathematical model of the classical Ponzi scheme, following Artzrouni (2009). In this model,
investors are guaranteed a certain rate of return r, (promised rate) after a maturity period t,,. Other parameters
include: the nominal rate of return r,, which can be, for example, the current market rate, and 7, - rate of withdrawal
(target rate). Suppose that money is invested at the rate r(t) dollars per year, called the investment schedule. Denote
by S(t) - total money in the Ponzi scheme at time t, and R(t) — value of invested funds available for withdrawal, as
anticipated by the investors. Dynamics of S(t) is described by an ODEs:
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S
7 = SO +1O) - RRQO), S(0) = So,
(8)
dR Tpt:
T R — 1R + e™'mr(t — ty,), R(0) = 0.

Here we assume that r(t) is zero when t < 0. The solution to the second equation yields function R(t) which is zero
for t € [0,t,,], and for t > t,;:

t—tm
R() = f e (=) (=tm=S)+ptm () ds. (9)
0

Given R(t), one can easily solve the first equation for S(t). Assuming that r, > 7, (otherwise the scheme is not
attractive for investors), the typical question is when the scheme runs out of money (S(t) = 0), given the initial money
in the system S, and investment schedule r(t).

Figure (2) shows life stories of several Ponzi schemes with different investment schedules. For the scheme with the
constant rate r(t) = const., the capitalization of the scheme grows well beyond t = t,,,, the initial maturity period.
This may act as positive feedback on the rate of investment, so one might consider growing investment rates. Figure (2)
shows dynamics of Ponzi schemes with two such accelerating flow of investments: linear and exponential schedules.
Note, that investment schedule r(t) is the main parameter that cannot be controlled directly by the originator of a
Ponzi scheme. It is a key element of the model that the originator may try to influence by offering an unreasonably high
promised rate 7,. The lifespan of the scheme varies for different investment schedules, but for exponential schedule
r(t) = e, there is a critical value a, above which (« > a.) the scheme is viable for all times ¢ > 0. The latter
scenario can be realized, for example, if the scheme operates in timescales of several generations of investors, naturally
growing at the exponential rate. Consider, for example, the case r, = 0 (flat market rate), and withdrawal rate 7,
equal to the promised rate 7,, so that after the maturity period investors withdraw a fixed sum per unit of time. In this
setup, one can compute

ds
dt

_ pat _ ,Tptm -1(,a(t—tym) _
=e ermr,a (e 1).

Figure 2. Three classical Ponzi schemes. The plot shows capitalization of Ponzi schemes for three investment schedules:
r(t)=constant, r(t)=linear, r(t) = c,e3*, normalized to have the same investment during first year. Rates:
1, = 0,1, =1, = 0.41. Maturity period t,, = 3 years

It is easy to see that o = r, is the critical value.
2.2.2 A self-organized Ponzi Scheme

By a self-organized Ponzi scheme, we mean an investment mechanism in which the nominal (market) rate is determined
by the collective behavior of investors. The key assumption is the following approximation for the nominal rate, that
can be obtained from equation (2) assuming that an ASPP as atrading mechanicsm that sets the price. According to that
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formula, we can take the nominal (market) rate to be proportional to the influx of money into the scheme plus a rate
r*(t) generated by an ASPP:

r,(t) = co(r(t) — rWR(t)) +7r*(t), ¢y >0. (10)

To simplify the analysis, we will assume that r*(t) = 0, so that r,(t) completely determined by the balance of in- and
out-flow of money in to the system. In this model the promised return rate must be set equal to the nominal rate, given
by (10). The resultant differential equations are now non-linear:

ds

E = (T(t) - rWR(t))(COS + 1)! S(t = 0) = SO,
dR ft rm(s)ds

E - (rn(t) - rW)R + r(t - tm)e t=tm T ) R(t = 0) = 0;

() = co(r®) —=R(®)), t>0.

Figures (3) illustrates the dynamics of the speculative Ponzi schemes for constant, linear, and exponential investment
schedules. The characteristic feature of this dynamics is a formation and a burst of a transient bubble.

Figure 3. Three self-organized Ponzi schemes. Left plot I: value S(t) of the investment at time t. Right plot I1: nominal
(market) rate r,,(t) attime t. Investment schedules are r(t)=constant, r(t)=linear, r(t) = c;e®'* normalized to
have the same investment during first year. Rates and maturity period as in Figure 2

In comparison to the classical Ponzi case discussed above, speculative schemes do not run out of money, but they have
inherited risk of a crash (see below). Capitalization of such schemes grow much faster during the initial maturity phase
and then experience a crash t > t,,,, reducing the value of the initial investments. Figure (3) shows a drop in nominal
return rate to negative values for several year after t,,. This period can be taken as the end the life of the scheme.
However, if the crash didn't scare investors (investment schedules doesn't change), the schemes for all three investment
schedules remain viable for all times and after few oscillations reache a steady state with rate of the nominal return 7,
below the target (withdrawal) rate ;. The steady state return for constant and linear investment schedules are equal to
zero and eventually the investors will lose interest in it. For exponential investment schedules the nominal (market) rate
approaches some positive limiting value: limr,(t) =r, > 0, as t — +°=. In either case, the investment of a $1(in a
stationary regime) results in the positive return of $r, /(r,, — r;), over the infinite horizon of the investment, provided
that the investments keep coming at the exponential rate, which is not realistic. As in the classical Ponzi scheme, there is
a critical value o, for the exponential investment schedules r(t) = e®* when at the steady state the nominal (market)
rate matches the target (withdrawal) rate.

This mismatch between actual return 7,(t) and target return 7, generates a risk of a crash when the investors may
spontaneously and collectively decide to withdraw money from the scheme. This is another component of a total risk,
not included in the risk of crash of ASPP given by (7). A possible metric for this new risk is the unrealized profit:
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max{t,ty;}

H,(®) = Y3J- e"w () gs,

tm

(11)

for some positive y;. With this we obtain the formula for the total systematic risk of ASPP model with investments as
H(t) = Ho(t) + Hp(t); (12)

where H, and H, given by (7) and (11), respectively.

3. Results

We consider the dynamics of ASPPs in log(Price)-hazard plane, by plotting points (logP (t),Ha(t)),t € [0..T], for
several representative cases of ASPPs.

3.1 Zero Investment Regime: Conservative ASPP

When the flow of investments is zero, x;, = 0, ASPP price bubble pumps the price at the rate close to r* in (5) and
the hazard rate H(t) grows monotonically due to unequal re-distribution of cash caused by trading. In Figure 4 this
process is represented by a curve OB.

Figure 4. Left: ASPP dynamics in log(price)-hazard plane. Curves represent the simulated dynamics of ASPP with large
positive rate of investments (OA), zero-investment (OB), and large withdrawal rate (OC). Investment into ASPP
reduces the systematic risk of a crash. Right: Distribution of cash among agents in ASPP system. At time ¢ = 0, all
agents have $10 (represented by a solid line on the graph). Dashed line corresponds to state A, dash-dotted line
corresponds to state B, and dotted line to state C

3.2 ASPP in an Investment Regime

When the flow of investments is positive x;, > 0, the system continuously transitions (for sufficiently large rate on
investments) to a regime shown by curve OA in Figure 4. Here, the investments contribute to higher rates of return and
have effect of diminishing the systematic risk expressed by the hazard rate H(t). In this regime, there is positive inflow
of cash into ASPP system. When the investment is withdrawn from the system, i.e. when x;, < 0 and sufficiently low,
the system continuously transitions to a regime represented by curve OC. The price goes down and the hazard rate
increases. At such process, cash is being removed from ASPP. Figure 4 (right panel) shows the distribution of cash
among agents at the final stages A, B and C of processes shown in Figure 4 (left panel).

3.3 ASPP in a Full Investment Cycle

Now consider a full investment cycle based on the ASPP model. At the initial stage (for the first 3 years) the ASPP runs
with zero external investments, producing a price bubble with high return rates, close to r* given by (5). Then, it is
followed by an investment phase, when investors put money into the ASPP and that they keep it there during maturity
period of t,, = 3 years, after which they start to withdraw money at the “expected,” target rate r*. We refer to this
process as an investment cycle. We denote the flow of money per year into the ASPP by function r(t) (investment
schedule) and assume that it is a priori given and is not affected by the changing dynamics of an ASPP.

Figures 5 illustrate main characteristics of the ASPP system during an investment cycle. In this example, the investment
schedule is chosen to be exponential r(t) = c;e%1f, where ¢, is selected so that the total investment during the first
year matches cash reserve of the ASPP (strong investment regime). More examples, with different investment schedules
are provided at the end of this section. Consider the dynamics of the ASPP in the space of log(Price)-hazard rate
parameters, Figure 5, right panel. Zero investment initial phase, AB generates a price bubble with high return and is
followed by the investment phase. The initial maturity period, BC, lasts from year 3 to 6, and reduces the systematic
risk H,(t), defined in (7). When investors start to withdraw money, the price sharply drops and afterward goes through
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large scale oscillations, finally stabilizing at the rate below the target rate r*. This stage is represented by curve CD in
the phase space. The systematic risk increases during this stage, but also, the risk is amplified due to the fact that
investors are not getting the expected rate. This combined risk (see formula (12) below) will result in crash somewhere
between stage C and D. It is sketched as a dotted line EF in Figure 5, right panel. Thus, the dynamics of the investment
cycle will proceed along the path ABCEF.

og(Price) - hazard space

ISy S S,

Figure 5. Left: ASPP dynamics: log(Price) time series. The path is an average over 1000 realizations of an ASPP model
with exponential investment schedule r(t) = ¢;e%'t over 20 years, see Appendix for more details. Dotted line is the
constant return line, given by (5), corresponding to perfectly correlated, zero-investment ASPP. Right: ASPP dynamics:
log(Price)-hazard plane. Zero investment phase AB is followed by initial maturity period BC when the investments flow
in at the rate $r(t) per year. After the system reaches point C, investments continue to flow but also withdrawn at the
rate r*. Segment EF shows the transition of the system after a (probable) crash. Dinamics of investment ASPP
proceeds along cylce ABCEF

The main characteristics of this process are the following: a) the cycle runs on cash of greedy investors that are enticed
by the high returns of the initial phase of the cycle of the ASPP; b) the cycle results in positive net transfer of cash from
investors to the ASPP component; ¢) the cycle is robust: it can last for prolonged periods of time and is repeatable. This
process results in the re-distribution of cash among the investors and the ASPP agents, by concentrating cash among a
(small) group of participants. The psychological impact might be significant because the the process is generating the
excitement of anticipation of both, high payoffs and an imminent but unpredictability occurring crash.

Figure 6 illustrates an investment cycle of ASPP with linear, r(t) = cst + c,, investment schedule, where the
parameters are chosen so that the investment during the first year matches cash reserve in the ASPP. In following
section, we show that the characteristic oscillations of the parameters in the agent-based ASPP model can be described
by a deterministic ODE system.

3.4 Comparison of Agent-Based ASPP Model with the Self-Organized Ponzi Scheme Model

To see how well the speculative Ponzi scheme approximates the agent-based investment cycle of ASPP, we consider
example of an ASPP with investment schedule r(t) = ¢,e%, discussed above. For the speculative Ponzi scheme, we
take the same schedule r(t) and target rate r, = r*. There is only one scalar extra parameter, ¢, in (10), which is not
specified by the ASPP model. It is selected to produce best fit to the data. Figure 8 shows the plot of the value of
investment S(t) and nominal(market) rate r,(t) as functions of time in agent-based ASPP and the speculative Ponzi
scheme. The plots show the good qualitative fit provided by the Ponzi scheme.
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Figure 6. ASPP dynamics: linear investment schedule r(t) = c3t + c4. The level of investment in the first year
matches initial cash reserve of ASPP

Figure 7. Speculative Ponzi scheme vs. Investment ASPP. Both models have exponential schedule r(t) = c;e%t. Left

plot I: value S(t) of the investment at time t. Right plot II: nominal (market) rate r,(t) attime t
4. Discussion

In this paper we considered a model of speculative trading that has two superimposed levels of self-organized patterns.
One is the adaptive ASPP trading model which, due to specifics of the trading commodity (no fundamental value and
infinity divisibility), can generate price bubbles that are stable, in a sense that all risk of failure comes from the
endogenous systematic risk. We relate this model to the initial stage of Bitcoin life. Building on the ASPP characteristics
(high returns, etc.), another level of self-organization comes from the behavior of investors who start to consider ASPP
for investment on a larger time scales than adaptive trading in ASPP, possible lasting for several years.

One effect of this is the (temporal) reduction of the systematic risk of ASPP that prolongs the life of the bubble, and, in
general, non-trivially changes the dynamics of the process. The investment component has its own contribution to the
total risk that we estimated in (12), so that as time progresses the risk of ASPP gets amplified. Moreover, we showed
that a simple speculative Ponzi scheme gives a good prediction of the long-time behavior. There appears to be another
level of complexity of organization in the current stage of cryptocurrency trading, when several cryptocurrencies are
traded jointly a single market. This situation can be modeled by connecting several ASPP of the type consider in this
paper. It will be discussed in our future work. Finally, let us mention several interesting technical extensions that can be
added to the models in this paper. One is a more realistic ASPP model when both «; and ; are proportional to the
amount x; that agent i trades per period. We call it strong adaptation hypothesis as opposed to the weak adaptation
used in this paper. The other is that there are several natural feedback loops that can be added to the model. For example,
price dynamics can force the change the levels of greed and fear among the ASPP traders, and investment schedule
r(t) can be affected the dynamics of trading.

In future work, the models considered in this paper will be evaluated using available data from cryptocurrencies
markets. In particular, it will be interesting to determine if investments in Bitcoin operation in self-sustained critical
regime of Ponzi schemes. That is when the expected return is sustained by accelerating growth of investments, as
discussed in section 2.

5. Appendix
In the examples of this paper we used an ASPP model with total of N=500 investors, and m=125 randomly chosen
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agents to participate in a daily trade (360 trades per year). The values of greed and fear factors for agents are randomly
sampled from a jointly Normal distribution with the mean of Ina = 1.12, the mean of In = 1.11, with equal
variances: Var(Ina) = Var(In) = 12-107%, and the levels of the correlation coefficient corr = 0.95. In this
setting, return r* = 1.15. The values of (Ina,In ) are restricted to the model relevant range of {lna > 0,Inf8 = 03,
and the specific choice of variance guaranties that all sample points within 3 standard deviations from the mean are
located in this range. All agents start with $10 in cash initially, with target ratios k; = 1, i = 1.. N, and starting price
Py =1. Agent i has $(10k; + n;), where {n;} are i.i.d. uniform random variables with values in [0,0.1]. Zero
investment period is the first three years, and maturity period t,, = 3. The hazard rate is determined by y; = 70 and
Y, = 5. We performed 1000 path simulations of ASPP with investments for daily trades for the duration of 20 years, for
different choices of investment schedules r(t).
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